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Abstract

Investment in projects of exploration and production (E&P) of petroleum must consider several technical and economic uncertainties which are inherent in this industry. Under these conditions, there are many valuable real options that add value and change the investment decisions when compared with more traditional methods. This article presents an overview of E&P real options models, highlighting the main classical models, including a discussion of the stochastic models for oil prices in real options applications. Some important E&P applications are presented, such as the selection of mutually exclusive alternatives under uncertainty, the wildcat drilling decision, the appraisal investment decisions, and the analysis of option to expand the production through optional wells. This paper also presents a practical way to incorporate technical uncertainties together with economic uncertainty in continuous-time models.
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1) Introduction

Exploration and production (E&P) of petroleum is an activity rich in real options, which if managed optimally enhance the value of the portfolio of projects and real assets in general for the oil company. The Figure 1 below displays the sequential options process for the typical phases of E&P investment decisions. In the exploration phase managers face the wildcat drilling decision, which in most cases is optional. In case of success (discovery of a reserve), the firm has the option to invest in the appraisal phase through delineation wells and additional 3D seismic, in order to get information about the size and quality of the reserves, reducing the technical uncertainty. When the level of remaining technical uncertainty does not justify additional investment in information, the firm has the option to develop the reserve committing a large investment in development (D) or to give back the undeveloped reserve to the National Petroleum Agency. Finally, the firm has operational options during the producing life of the reserve, that is, has options like the option to expand the production (e.g.: by adding optional wells), option of temporary suspension of the production or even option to abandon the concession.
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Figure 1 – Exploration & Production as a Sequential Real Options Process
Most of the earlier real options models were developed for natural resources applications, due to the availability of large data for commodities prices. The main earlier models were Tourinho (1979), first to evaluate oil reserves using option pricing techniques, Paddock, Siegel & Smith (1988), a classical model discussed in the next section, Brennan & Schwartz (1985), analyzing interactions of operational options, and Ekern (1988), valuing a marginal satellite oilfield. See Dias (1999) for a bibliographical overview.

A sample of other important real options models for petroleum applications are briefly described in sequence, highlighting the main individual contribution. Bjerksund & Ekern (1990) showed that for initial oilfield development purposes, in general is possible to ignore both temporary stopping and abandonment options in the presence of the option to delay the investment. Jacoby & Laughton (1992) showed an application to oilfied development under a complex tax system. Kemma (1993) described some case studies in her long consultant for Shell.  Beliossi (1996) presented the valuation of oil companies and managerial efficiency. Schwartz (1997) compared oil prices models that are discussed in the next section. Laughton (1998) found that although oil prospect value increases with both oil price and reserve size uncertainties, the greater oil price uncertainty delays all options exercise (from exploration to abandonment), whereas exploration and delineation occur sooner with reserve size uncertainty. Cortazar & Schwartz (1998) applied the flexible Monte Carlo simulation to evaluate the real option to develop an oilfield. Pindyck (1999) analyzed the long-run behavior of oil prices and the implications for real options. The textbooks of Dixit & Pindyck (1994, mainly chapters 12), Trigeorgis (1996, pp. 356-363) and Amram & Kulatilaka (1999, chapter 12) also analyzes models for investment in oil and natural resources industry.
This paper is organized as follows. In the second section are described the classical real options models applied to E&P and a discussion on the stochastic modelling for oil prices. In the third section is presented an application of selection of alternatives to develop an oilfield under uncertainty with help of the concept of economic quality of a developed reserve. The fourth section analyzes the wildcat drilling problem considering the revelation of information. The fifth section presents a simple way to include technical uncertainty into a dynamic model, to model the investment in information. The sixth section presents the option to expand the production through optional wells. The seventh section concludes the article.
2) Classical Real Options Models in Petroleum and the Oil Price Modelling

In the beginning of 80’s, Paddock, Siegel & Smith started a research in the MIT Energy Laboratory using options theory to study the value of an offshore lease and the development investment timing. They wrote a series of papers, two of them published in 1987 and 1988. The Paddock, Siegel & Smith (PSS) approach is the most popular real options model for upstream petroleum applications. This classical model is useful for both learning purposes and as first approximation for investment analysis of development of oil reserves, even thinking that, in real life, are necessary models that fit better the real world features. The book of Dixit & Pindyck (1994, see chapter 12) describes this model in a more compact and didactic way. This model has practical advantages (when compared with others options models) due its simplicity and few parameters estimation. One attractive is the simple analogy between Black-Scholes-Merton financial option and the real option value of an undeveloped reserve, which is illustrated in the Table 1.  

Table 1 – Analogy Between Financial Options and Real Options

Black-Scholes-Merton’s Financial Options
Paddock, Siegel & Smith’s Real Options

Financial Option Value
Real Option Value of an Undeveloped Reserve (F)

Current Stock Price
Current Value of Developed Reserve (V)

Exercise Price of the Option
Investment Cost to Develop the Reserve (D)

Stock Dividend Yield
Cash Flow Net of Depletion as Proportion of V ()

Risk-Free Interest Rate
Risk-Free Interest Rate (r)

Stock Volatility
Volatility of Developed Reserve Value ()

Time to Expiration of the Option
Time to Expiration of the Investment Rights ()

The analogy above is useful for other real options applications. Instead developed reserve value is possible to consider any operating project value (V) as the underlying asset for this option model. In absence of a direct market value for V, is possible to compute V as the revenue net of operational costs and taxes. So, the traditional net present value (NPV) is also equal to V – D, where D is the present value of the investment cost to develop the project, and the analogy works in similar way.

The time to expiration of this real option model is the deadline when the investment rights expire. This is named relinquishment requirement, when the oil company faces a “now-or-never” opportunity: or presents and compromises with an immediate development investment plan or return the concession rights back to the National Petroleum Agency. This time varies from 3 to 10 years.

The current value of developed reserve V can be calculated as the present value of the revenues net of operational costs and taxes. But if sufficient data from the market of developed reserves is available, V is just the price of an underground barrel of reserve (v, in dollars per barrel, $/bbl) times the quantity of barrels in the ground, the reserve size B (that is, V = v .B). See data, references and discussion on the market value of a developed reserve in Adelman, Koehn & Silva (1989, data in Table 2). In the next section is presented a model that V is proportional to P, that is, v = q.P or V = q.P.B, where the proportional factor q is named economic quality of the developed reserve.  

The investment cost to develop the reserve D is the present value of the investment flow necessary to develop the reserve. This is analog to exercise price of the financial option because it is the commitment that the Oil Company faces when exercising the real option to develop the oilfield.

The volatility  is the annual standard deviation of dV/V. In the case that V is proportional to P is possible to use the same value of the volatility of oil prices
, which has more available data for estimations. Dixit & Pindyck (1994, chapter 12) recommend  between 15% and 25% per annum. Some authors (e.g.: Baker, Mayfield & Parsons, 1998, p.119) use a value higher than 30%p.a. for  Other possibility is to estimate  using a Monte Carlo simulation of the stochastic processes for P, operational cost and taxes, using the cash-flows equations, in order to get a combined distribution of the return of V. See the book of Copeland & Antikarov (2001, chapter 9) for a detailed approach of this alternative. 

The analog to dividend yield, the cash flow yield  can be viewed as a net cash flow as a percentage of V. In the case of petroleum reserves, there is a depletion phenomenon due the finite quantity of petroleum in oilfield and a consequent decline rate () in the oilfield output flow rate along the life of the reserve. The equation to estimate including depletion are presented in Paddock, Siegel & Smith or in Dixit & Pindyck (1994)
, but two more practical ways to estimate are presented below. 

For the model that assume the value of a barrel of developed reserve as proportional to the price of a (wellhead) barrel of oil, is possible to see as the (net) convenience yield of oil prices by using data from futures market. With the notation ((t) for the oil futures price for delivery at time t, P for the spot oil price (or the earliest futures contract), r for the risk-free interest rate, and t = time interval, the equation is:

P  =  ((t) . exp[– (r – ) . t]  







(1)

The second way is a practical rule using a long-term perspective that is useful for real options models. What is a good practical value for the net convenience yield ? Pickles & Smith (1993) suggest the risk-free interest rate. They wrote (pp.20-21): “We suggest that option valuations use, initially, the “normal” value of net convenience yield, which seems to equal approximately the risk-free nominal interest rate”
. 

One interesting feature of the PSS model is the resultant partial differential equation for the real option value (the value of undeveloped reserve) is identical to Black-Scholes equation with continuous dividend. Only in the boundary conditions appear two additional conditions, to take account for the earlier exercise feature of this American type call option (most real options are modeled as American options rather than European options, to take account of the early exercise feature). See these equation and boundary conditions for example in the book of Dixit & Pindyck (1994, chapter 12). By solving this partial differential equation numerically we obtain two answer, the real option value of the undeveloped reserve (F) and the decision rule (invest or wait for better conditions). Thanks to the analogy, any good software that solves American call option (with continuous dividend-yield) solves this real options model.

The decision rule is given by the critical value of V (named V*) which the real option is “deep-in-the-money”, so that is optimal the immediate exercise of the option to develop the oilfield when V(t) ( V*(t). For models where V is proportional to P, it is easier to think with P*, the oil price that makes a particular undeveloped oilfield to be “deep-in-the-money”, and the rule is to invest when P ( P*.  

Figure 2 presents a typical solution for an undeveloped oilfield with 100 million barrels (and q = 0.187, so that V = 18.7 x P). The curves represent the real option values for the cases of five years to expiration of rights ( = 5 years), one year ( = 1 year), and at the expiration ( = 0). This last case, known as “now-or-never” case, the NPV rule holds and the real option value is the maximum between the NPV and zero. 
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Figure 2 – The Real Option Value of an Undeveloped Reserve

In the figure above, for P = 15 $/bbl the NPV is zero (so, 15 $/bbl is the break-even oil price). The figure shows that at 16 $/bbl the NPV is positive, but the net waiting value, also named option premium (it is the difference F – NPV), for  = 5 years is not zero (it is even higher than the NPV). So, at $16/bbl the optimal policy for this field-example is to “wait and see”. The option premium is zero only at the tangency point between the option curve and the NPV line (the now-or-never line), which occurs only at the point A, at P*(=5) = 24.3 $/bbl. At this point, even with 5 years to expiration, the oilfield is “deep-in-the-money” and is optimal the immediate exercise of the option to invest. In the figure is also displayed the real option curve for one year to expiration (the option is less valuable than the case of 5 years), and the critical value (or threshold value) P* drops to 20.5 $/bbl (see point B). Figure 3 below presents the threshold curve for this oilfield, from 5 years to expiration until the “now-or-never” deadline
.
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Figure 3 – The Real Option Decision Rule: Invest Above the Threshold
Note in the Figure 3 the correspondence with the points A and B of the Figure 2. Note also that at the expiration (now-or-never), the real option rule collapses to the NPV rule, that is, invest if the oil prices is higher than the break-even price for the oilfield (in this case about 15 $/bbl). 

Like Black-Scholes, this model assumes that the underlying asset (here the reserve value V or the oil price P itself) follows a random-walk model named Geometric Brownian Motion (GBM). Under this model, the oil prices (and V) in the future have a lognormal distribution with variance that grows with the forecasted horizon, and a drift that grows (or decays) exponentially. The Figure 4 illustrates this process.
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Figure 4 – Map of Probabilities for the Geometric Brownian Motion 
But most specialists argue that a stochastic model for commodities must consider the mean-reverting feature. The idea is that if the price is too far (above or below) a certain long-run equilibrium level 
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, market forces (including OPEC) will act to reduce (if P >>
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) or increase (if P <<
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) the production (for OPEC) and E&P investment (for non-OPEC oil companies). This creates a reverting force that is like a spring force, as strong as P is far from the equilibrium level
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. Figure 5 illustrates the mean-reversion case.
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Figure 5 – Map of Probabilities for the Mean-Reversion Model
The drift curve (in red) is the curve of expected value for P. For mean-reversion models this curve evolve toward the equilibrium level 
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. This drift is consistent with the backwardation phenomenon in futures market, when the price of a futures contract is inferior to both spot price and shorter-maturity contracts. Although the distribution of futures prices is also lognormal as in the GBM model, note in the picture that the variance of the distributions grows until a certain time ti and remains constant after this. The reason is the reversion force effect that does not permit, even in a distant future, to be likely extreme values for P. 

The mean-reversion model is more consistent with futures market, with econometric tests and even with microeconomic theory. However the GBM model is much simpler to use. The natural question is: Is wrong to use the GBM model, as in the Paddock, Siegel & Smith, to model oil prices in real options applications? Is significant the error by using GBM instead the mean-reversion model (MRM)? What is a good value for the equilibrium level 
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? This paper discuss these and other related questions analyzing the point of view from the two main researchers in commodity prices, Robert Pindyck (MIT) and Eduardo Schwartz (UCLA), in recent articles. 

Pindyck (1999) discuss the long-run evolution of the oil prices using 127 years of data and found mean-reversion but the reversion is slower (half-life
 of 5 years) than presented in some other papers (half-life from one to two years). The oil prices revert to a quadratic U-shaped trend line (instead a fixed level as showed in the Figure 5), which is pointed as consistent with models of exhaustible reserves incorporating technological change. He presents a model for oil prices named multivariate Ornstein-Uhlenbeck where the oil prices revert toward a long-run equilibrium level that is itself stochastic and mean-reverting.  

In other words, Pindyck argues that the mean-reversion model is better for oil prices, but the equilibrium level is uncertain and oscillates with the time. In addition, his econometric tests show that the reversion process is slow (for high prices case, one reason is that investment in E&P take many years to put new oil in the market). He concludes that for applications like real options “the GBM assumption is unlikely to lead to large errors in the optimal investment rule”. This conclusion is reaffirmed in his more recent study (Pindyck, 2001). So, the simple model of Paddock, Siegel & Smith is a not bad approximation. 

Schwartz (1997) compares 4 models for the stochastic behavior of oil prices: geometric Brownian motion, pure mean-reversion model, two-factor model and three-factor model. Pure reversion model is the MRM for a fixed (non-stochastic) level and without any other additional stochastic variable or process. The original two-factor model is due Gibson & Schwartz (1990), which oil prices (P) follow a geometric Brownian motion but the convenience yield () of oil follows a mean-reverting process. The three-factor model is like the two-factor but has the interest-rate (r) as third stochastic variable (modelled as mean-reverting). 

Schwartz (1997) prefers the two and three factors models, which are less predictable than the pure mean-reverting model. Although in a real options example he shows that the pure reversion model induced higher error (compared with the two and three factors model) than the GBM in the investment decision, he alerts that GBM can induces investment too late because neglects mean-reversion. 

Considering both points of view (Pindyck and Schwartz) for real options models, I think that GBM is a good approximation in several cases, but it is not an adequate when the spot prices are too far from a more reasonable long-run equilibrium level (actually this level could be in the  range of 18-22 $/bbl). The slope of the term-structure of futures market is a good intuitive way to see if spot price is too far or not. 

For the GBM model, every change in oil price is a permanent change in the long-run price drift, whereas the pure mean-reversion assumes the opposite, that is, that every price oscillation is just a temporary deviation from the predictable long-run equilibrium level. Both point of views seems too drastic. A more reasonable point of view is a model not too unpredictable as GBM, neither too predictable as pure mean-reversion. There are three classes of models in this intermediate point of view that is discussed below. The table below summarizes the main available stochastic models for the oil prices.

Table 2 – Stochastic Models for Oil Prices in Real Options Applications

Type of Stochastic Model
Name of the Model
Main Reference

Unpredictable Model
Geometric Brownian Motion (GBM)
Paddock, Siegel & Smith (80’s)

Predictable Model
Pure Mean-Reversion Model (MRM)
Schwartz (1997, model 1)

More Realistic Models
Two and Three Factors Model
Gibson & Schwartz (1990), and Schwartz (models 2 and 3)


Reversion to Uncertain Long-Run Level
Pindyck (1999) and  
Baker, Mayfield & Parsons (1998)


Mean-Reversion with Jumps
Dias & Rocha (1998)

As in Pindyck (1999) and in Baker, Mayfield & Parsons (1998), Schwartz & Smith (2000) also present a model of mean-reversion toward an uncertain long-run level. Schwartz & Smith conclude that this model is equivalent to the two-factor model. Interesting, they also conclude that for many long-term investment, we may be able to safely evaluate investments using uncertainty in equilibrium prices only, modeled as GBM! 

The third more realistic model presented in the table is due to Dias & Rocha (1998), which consider mean-reversion for oil prices in normal situations
 but allow for large jumps in the oil prices due abnormal news, during the period before the investment. For the typical time-step of E&P investment (quarters or year), sometimes occurr an abnormal news like war, market crashes or OPEC surprises, that give a radical change of expectations about the balance of supply versus demand, causing large variations in few weeks or months. Figure 6 shows the oil prices (average monthly data) indicating jumps-up and jumps-down.
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Figure 6 – Oil Prices and Large Jumps in the Last 30 Years

Like the models of two-factor and of reversion to an uncertain equilibrium level, the jump-reversion model is not too predictable as the pure mean-reversion model (due to the jumps component and the linear relation between NPV and P) neither too unpredictable as GBM (due to the reversion component). The model feature of recognizing the possibility of large jumps in some cases can induce better corporate decisions. For example, in oil-linked credit securities and in others oil prices linked agreements, the jumps feature highlights the convenience to put “cap” and/or “floor” in the credit spread or in profit share that is linked to oil prices. In December 1998, the Brent oil prices had dropped to 10 $/bbl. At this time Petrobras and the other side considered a model of mean-reversion with jumps and set cap and floor in an important 10 years “win-win” contract linked to oil prices. One year latter the oil prices rose about 150% and the cap protected Petrobras to pay more than the desirable due the jumps in the year of 1999. Few months later, the oil prices reached 30 $/bbl, three times the oil prices at the contract date, and the cap protection remained important. 

3) Selection of Mutually Exclusive Alternatives and Economic Quality of a Developed Reserve

As mentioned before, a simple model for the developed reserve value V is the proportional model that V is a linear function of the price P. The equation is:

V = q . P. B 










(2)

Where B is the reserve size (in million of barrels), V is the developed reserve value (in million dollars) and q is the economic quality of the developed reserve (see discussion below). Considering the development cost of the reserve D, the equation for the net present value (NPV) of the project is:

NPV  =  V – D  =  (q . P. B) – D 







(3)

These equations tell that V and NPV has a linear relation with the oil prices (P). Is reasonable this linear assumption? As pointed out by Pickles & Smith (1993, p.16): “in equilibrium the prices of developed reserves and oil at wellhead must appreciate at the same rate”. Schwartz (1997, his figure 13 and discussion) shows that for a simple cash flow model, either discounted cash flow, GBM, two-factor model and three-factor model, present a linear relation between the NPV and the commodity spot price. Only the pure mean-reversion model presents a non-linear relation.

The linear relation between NPV and P takes real options modelling easier. In the equations 2 and 3, the coefficient “q” is named “economic quality of developed reserve” because for the same oil price (P) and for the same reserve size (B), the market value of the developed reserve V is higher as higher is q. In addition, the product q.P gives the market value of one barrel of developed reserve and it is useful for reserve transactions and merger & acquisitions analysis. The value of q depends of both economic and technical factors. It depends of variables like the discount rate (so depends of the interest rate level and the country risk premium spread), marginal corporate income tax, other taxes, operational costs, reservoir-rock properties (like permeability), fluid quality (quality of the oil and gas), etc. 

In addition, the economic quality of developed reserve also depends of the amount of capital placed to develop the reserve, mainly the number of wells. A large quantity of wells means faster production and so a higher value for q than a lower number of development wells. However, more wells means higher development cost D, so there is a trade-off between q and D when choosing the number of wells to develop a reserve. By assuming that the reserve size B is approximately the same for all alternatives of development with different number of wells, when changing the development cost D in the NPV equation (3) the only variable that must alter is the quality q. So, the concept of quality q eases the analysis of mutually alternatives to develop an oilfield under uncertainty because the trade-off with investment is captured with a single variable q.

The selection of the best alternative to develop an oilfield for different oil prices is exemplified considering three alternatives, A1(D1, q1), A2(D1, q1), A3(D3, q3), where D1 < D2 < D3 and q1 < q2 < q3. These alternatives differs due the number of wells and process capacity (more wells means higher production peak). What is the alternative with the higher NPV? The answer depends of the oil price. The Figure 7 below plots the three alternatives NPVs as a function of the oil prices according the linear relation of equation (3). In a real options model this graph corresponds to the “now-or-never” situation. 
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Figure 7 – Three Alternatives: NPVs versus Oil Prices
Each alternative has different angular coefficient and different intercepts in the X-axis, and its equations are displayed in the figure above for a general alternative j. The X-axis intercept corresponds to situation of NPV = 0, so the intercept is the break-even price (unitary development cost in $/bbl) for each alternative. While the intercept is related to the development cost, the angular coefficient (tangent of j ) is related with the quality q. These parameters are easy to obtain with a discounted cash flow spreadsheet.

Hence, in our example the alternative 3 has an intercept more to the right and higher angular coefficient, due to its higher development cost (D) and higher quality (q). By inspection of the chart above, for low oil prices P1 the best alternative is the alternative 1, whereas for intermediate price level P2 the best one is the alternative 2 and so on. So, there are oil price regions where each alternative is better (higher NPV), and the decision depends what region is the oil price. 

However, the oil prices are uncertain and in the general case the Oil Company has an option to develop and some time before the expiration of the rights. What is the better decision in this case? Is better to invest if one alternative is deep-in-the money or is better to wait and see for the possibility to invest in a more attractive alternative in a future scenario? The paper of Dixit (1993) is the base of our approach, despite of his model was solved for perpetual real options (for example a land development) and our case is for finite-lived real options. Figure 8 presents the upper real options curve for a certain time before the expiration (imagine that the other real options curves are passing under this curve at this time): 
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Figure 8 – Selection of Alternatives Before the Expiration
Considering that the option curves for alternatives 1 and 3 at this time pass under the option curve for alternative 2 (showed in the figure above), the decision rule is as follow. If the oil prices at this time is below the critical price P2*, wait and see even if the alternative 1 seems “deep-in-the-money” because waiting for a scenario which alternative 2 is better, is more valuable (see the chart) than the immediate exercise of alternative 1. However, note that if the alternative 1 quality q1 increases a little bit, its immediate exercise could be the maximizing value way. Continuing the analysis, if the oil prices is exactly P2*, the optimal is to develop the oilfield immediately using the alternative 2 (the option to delay is less valuable). Finally, if the oil price is higher than P2* at this time, the optimal is to exercise the alternative with the higher NPV (alternative 2 or 3, depending of the prices) because the “wait and see” policy is less valuable. By using this approach, is possible to set a complete map of exercise regions along the time, which is one research project that is being developed between PUC-Rio and Petrobras.  

4) Investment in Exploration and the Revelation of Information

The linear equation format for the NPV eases the inclusion of technical uncertainties in q and B by simulation together with the economic uncertainty of the oil prices P. Consider the following exploratory example. One oil company (Company X) acquires a tract in a first-sealed bid, with one main prospect and a second marginal prospect in some area of the tract. The tract is placed into a basin with little exploratory historic, but the high oil prices in last two years and acquisitions of tracks in the last three years by several oil companies promise an increasing exploratory activity in this basin. The oil company has 5 years to explore and present a development plan (in case of success). After this expire its rights over the tract. 

The marginal prospect today seems unprofitable, a fair estimate of the expected monetary value
 (EMV) is negative. Another oil company (Company Y) offers US$ 3 millions for the rights of the tract area that contains the marginal prospect. Shall Company X accept the Company Y offers?

The only way to prove the existence of a oil reserve is by drilling a wildcat well. But the drilling cost of this well in deep-waters of this basin cost IW = 20 MM $. In addition, the chance factor CF (probability of success) is estimate in only 15%. Consider the equation for the expected monetary value (EMV):

 EMV  =   IW  +  [CF . NPV]  =    IW  +  CF . (q . P . B  –  D)      



(4)

Assume that in case of success, the discovered reserve has an expected size B of 150 millions bbl, and an expected economic quality q of 20%. Suppose that the oil prices today is 20 $/bbl and is mean reverting. Suppose that the development cost is a linear function of the reserve size B, including a fixed cost (200 MM$) that represents the minimum development cost to put any production system. The equation for the development cost (MM $) in this way is given by:

 D  =  fixed cost  +  variable cost with reserve size  =  FC + (VC . B)  =  200  +  2 . B

(5)

Here was assumed that the variable cost of development is 2 $/bbl. For the expected reserve size B of 150 million barrels, the development cost is $ 500 million. Using these numerical values into equation (4):

EMV  =   20 + {0.15 . [(0.2 . 20 . 150) – 500]}  =  – 20 + 15 =  – 5 MM $
So, the immediate drilling in the prospect has a negative EMV. However, there is 5 years to expiration of the rights and we know that the oil price rises to 22 $/bbl for example, the EMV become positive. But in addition, there is a lot of technical uncertainty in the estimate of the chance factor (CF), expected reserve size (B) and in the economic quality of the reserve (q), even more due the basin status with few wildcats already drilled there. The large uncertainty in the basin leverages the value of long-term option prospects. In 5 years, many wildcats will be drilled in several tracts of this basin, so that new information about the geology of this basin will be revealed. This revelation of geological information shall change the expectations of the variables of the equation (4), because change the geologic and geochemistry models for the basin, the calibration of seismic factors and seismic interpretation, the expectation about the reserve size, etc. The revelation is a free information for long-term prospects like the one under analysis. The revelation can be positive (increasing the EMV) or negative (decreasing the EMV), but both revelations are useful: a negative information can evict a probable misuse of $ 20 million in the wildcat. 

In order to ease the evaluation the prospect under these combined technical and market uncertainties, let consider a simpler case that the decision to drill the wildcat in the marginal prospect only will be taken at the expiration in 5 years. The possible values for the EMV at the expiration can be accessed using a Monte Carlo simulation of the variables from equation (4). The estimate of the technical uncertainties needs a careful probabilistic analysis of the basin exploratory activity in the next 5 years, and how much this activity can reveal new information. Assuming this job was performed, Table 3 shows the distributions and its parameters for the equation (4) variables, which will be revealed in 5 years. In other words, Table 3 presents the possible scenarios for each variable after 5 years of cumulative new exploratory information.

Table 3 – Distributions for EMV Parameters in 5 Years
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The table also presents the risk-neutral distribution for the oil prices, in addition to the technical uncertainty distributions. In the risk-neutral simulation a risk-premium is subtracted from the real drift of the stochastic process (see for example, Trigeorgis, 1996, pp.102 and 218). The use of risk-neutral distribution permits the use of the risk-free interest rate to discount the simulated EMV @ 5 years ahead, in order to get the present value of this EMV. The present value of EMV is necessary for oil business analysis like tract rights transactions, in this example to compare with the Company Y buying offer of US$ 3 million for the tract area that contain the marginal prospect. The other distributions are real distributions because these technical risks have no correlation with market portfolio and do not require risk premium by diversified shareholders of the Oil Company (so the risk-free interest rate is an adequate discount rate). In addition, it is possible to put uncertainty in the costs, for example in the wildcat cost, even more because the drilling rig daily rate are volatile, possibly positively correlated with oil prices.

By combining these uncertainties into the equations (4) and (5) by using a commercial Monte Carlo software, we can get the benefit value (CF . NPV) distribution at t = 5 years, and so the EMV distribution. As we are using as expected value of the distributions the same values used in the today’s EMV estimate (so that we are not more optimistic in the future), the expected value of the EMV distribution generated by the Monte Carlo simulation, must be approximately the same ( 5 MM$). However, the key for valuation of the rights is the optional nature of this wildcat investment. In this future date (5 years ahead) a rational manager only exercise the option to drill the wildcat if the newer estimate EMV is positive. In other words, if the information revealed in the basin exploratory activity combined with the oil prices evolution set a positive EMV for this ex-marginal prospect, the rational manager will exercise the option to drill. In case that the new information reveal that the prospect remains with negative EMV, the option will not be exercised and the prospect value is zero. Real options’ thinking introduces an asymmetry in the distribution of the prospect value. The prospect revealed uncertainty combined with the options thinking (optimal exercise of the option) is illustrated in the Figure 9, a “visual equation for the real option value”.   
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Figure 9 – Visual Equation for Real Options Value of the Prospect
The figure also presents the present value (using a risk-free discount rate of 10% p.a.): the value for the marginal prospect today considering the 5 years to expiration of the real option, is $ 7.58 millions. So, the $3 millions offered by Company Y is too low for this prospect, and Company X must decline it. The value of the prospect in reality is even higher because was not considered the possibility of earlier exercise of the option to drilling, that could be optimal if the prospect become “deep-in-the-money” with sufficient favorable information before 5 years. The real option is of American type, but this European option analysis gives an idea about the prospect minimum value and illustrates the point that real options is leverage by the uncertainty.  

5) Alternatives to Invest in Information in a Dynamic Framework

After presenting examples and models for development investment and primary exploratory investment  (wildcat drilling), let us present one example for appraisal investment. Suppose that an oilfield is already discovered and even some basic appraisal wells were drilled, but a residual technical uncertainty over the parameters q (reserves quality) and B (reserves size) seems to remain important. Suppose there is two years to expiration of the concession exploratory rights (when the Oil Company must presents an immediate development plan or abandons the concession). Assume that the basin is mature in the sense that the arrival of external exploratory information is not relevant to reveal new expectation over q and B. The only way to get more technical information on the parameters q and B is by investing in information. 

There are some alternatives to invest in information, each alternative has different costs and different potential for information revelation. There is even the alternative of not invest in information, named Alternative 0. The investment alternatives are described as follows. Alternative1 is a long-term production test in an already drilled well, with the cost to put a rig over the well to perform the test. Alternative 2 is to drill another appraisal well, a cheaper slim well named ADR (acquisition of data from the reservoir). Alternative 3 anticipates the development drilling schedule, but in a way that optimize the information gathering instead to optimize the drilling costs. See Dias (2001) for a detailed analysis of these cases. 

For each alternative we can simulated the scenarios revealed by the new information, and for each scenario revealed we have a normal real options problem that could be solved using models like the described in the section 2 of this article. But this could be computationally very intensive, because for each simulated scenario of q and B (and so D, that is function of B) we have to solve the option problem, finding the threshold curve of P* showed in the Figure 3 of section 2. Is there a more practical way to do this? Is possible to use any kind of threshold curve that is the same of any combination of q, P, B and D? Fortunately the answer is yes for both questions! There is a mathematical artifice that helps us in this job. 

The mathematical artifice is a normalization of the real options problem that allows a single normalized threshold curve that is the optimal solution for all combinations these parameters. This insight is derived from the method used by McDonald & Siegel (1986, specially p.713) when analyzing a real options problem where both the project value V and the investment cost to develop D follow correlated Geometric Brownian stochastic processes. In order to reduce the two state variable problem to a single state, they observed that a normalized threshold (V/D)* is homogeneous of degree zero, in other words, if both V and D are doubled the optimal exercise of real options is the same. As pointed out by Dixit & Pindyck (1994, p.210), the real options value is homogeneous of degree one
, that is, F(V, D) = D . F(V/D, D/D) = D . f(V/D). Unfortunately, this result that simplifies the combination of technical with market uncertainties in real options problems, was proved only for geometric Brownian motion. Using a Monte Carlo framework, Dias (2001) applies the normalization idea to combine technical uncertainty (that affects both V and D) together with the stochastic process for the oil prices (that affects linearly V). 

With this normalization, we need to solve the real options problem only one time in order to estimate the normalized threshold curve (V/D)* along the time. With this threshold, we perform Monte Carlo simulations for the technical uncertainties revealed by the investment in information
, and for the (risk-neutral) stochastic process for the oil prices. Assume that is optimal to invest immediately in information and it is revealed at the revelation time. Suppose that the current oil prices is 20 $/bbl, and that in the simulation path, the sampled values were q = 0.2 and B = 100. By using the equations (2) and (5), we get V = 400 and D = 400, so that V/D = 1 at the time t = 0. After this time, considering that no new technical information will be revealed, the value of V/D for this project will oscillate only due the oil prices evolution. For each instant t, we compare the actual V/D with the normalized threshold for optimal exercise of the real options, previously computed. Figure 10 illustrates this procedure, showing two paths, one with exercise and other reaching the expiration date without crossing the normalized threshold curve.
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Figure 10 – The Normalized Real Options Approach to Include Technical Uncertainty
If V/D ( (V/D)*, we exercise the option (see the figure the point A) and calculate the present value (using the risk-free interest rate). In the opposite case, we wait and see. The paths that do not cross the normalized threshold curve along the two years of option are worthless. By summing all the present values for the real option F(t=0) and dividing for the total number of simulations, we get the real options value after the investment in information. Subtracting the cost of information, we get the value of the final real options value including the investment in information. 

Remember that for each alternative, there are different information costs and different distributions for q and B, inclusive the alternative zero, of not invest in information (with information cost equal zero and with single values for q and B instead distributions). This procedure is performed for all the alternatives of investment in information and the real options values considering the information cost for each alternative are compared. The higher one is the best alternative. In general, large uncertainties in q and B will enhance the value for alternatives with higher information revelation potential. Think with the “visual equation for real options” to see this. This simple model above captures this idea.

The last point in this section is the equation necessary to perform the risk-neutral Monte Carlo simulation of the oil price. For the Geometric Brownian Motion, the risk-neutral sample paths are simulated with the equation below, applied to each instant t using the oil price from the previous instant t 1: 

Pt = Pt1 exp{ (r ) t  + 
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(6)
In the equation above, t represents the time-step in the simulation, N(0, 1) is the standard Normal distribution (mean = zero and variance = 1), and the remaining variables are as before. By sampling values from the N(0, 1) distribution, we get a whole path along the time and repeating this procedure several times we get several paths. For the real stochastic process (instead the risk-neutral one), just substitute the risk-neutral drift r –  by real drift . But for the real options valuation in complete markets, the risk-neutral one is all that matters for most applications.
6) The Option to Expand the Production Using Optional Wells 

Sometimes the best way to reveal information about the remaining technical uncertainties in the oilfield is by using the information generated by the cumulative production in the field and/or measuring the bottom-hole pressure after months or few years of cumulative production. In these cases, the investment in information before the oilfield development is not adequate due the low potential to reveal information in relation to its cost to obtain.

The proper way in this case to get economically the information is to embed options to expand the production into the selected alternative, so that depending of the revealed information, we exercise or not the option to expand the production. In case of oilfield development, a good way is to select some optional wells, which will be drilled only in favorable scenarios. In addition, the exactly optimal locations for these wells also depend of the information generated by the initial oilfield production. 

There are some costs to embed this option to expand. For example, the processing plant at higher cost could be dimensioned considering this possibility. Other way is by leaving space in the production unit (for example an offshore floating platform, where the area has a relatively high cost) in order to amply the capacity in case of exercise of the options to drill these optional wells. The third way is to wait the main production decline (reservoir depletion) in order to integrate these wells when the processing capacity permits (see Ekern, 1988). But even in this last case, is necessary to consider the possible new load in the platform from the optional new lines and a possible additional cost because the subsea layout must consider the possibility of optional well to be drilled and its flowlines going to the production platform. However, these costs to embed the optional wells are, in general, only a fraction of the potential benefit of drilling these wells in the favorable scenarios (including favorable market scenarios for oil prices). 

The economic analysis of the option to expand with optional wells requires an in-depth study of marginal contribution from each well in the overall oilfield development. In this study is necessary to identify the candidate wells that can become optional wells. Wells with higher reservoir risk are primary candidates because with new reservoir information these wells can become unnecessary or its optimal location could be different. The other class of optional well candidates is that resultant of the marginal well contribution for wells that presented negative NPV or even a small positive NPV
 so that the option to drill these wells are not “deep-in-the-money”. 

One feature that in general can be important is the secondary depletion in the area of the optional well. The production of the main wells causes a pressure differential in the reservoir with some migration of the oil in the optional well area. In most cases the oil migration doesn’t mean that the main wells will produce this oil, or if this oil is produced, it takes too long time to be produced by distant wells. This secondary depletion acts as a dividend lost by the option holder and so has the same effect of dividend yield in the traditional real options models (higher incentive to drill the optional well as higher is the secondary depletion). 

The general method to analyze the option of expansion through optional wells is:

· Define the quantity of wells “deep-in-the-money” to start the basic investment in development by the marginal analysis of each well using several reservoir simulations;

· Define the maximum number of optional wells;

· Define the timing (or the accumulated production) that the reservoir information will be revealed;

· Define the of marginal production of each optional well as function of uncertain parameters and the possible scenarios (distribution) to be revealed by the cumulative production; 

· Consider the secondary depletion in the optional well area if we wait after learn about reservoir;

· Simplify by limiting the expiration of the option to drill the optional wells (remember the declining NPV due the secondary depletion);

· Add market uncertainty, simulating a stochastic process for oil prices and perhaps for the daily rate of rigs that could drill the optional wells;

· Combine uncertainties using Monte Carlo simulation;

· Use an optimization method to consider the earlier exercise of the option to drill the wells, and calculate option value; and

· Compare this option value with the cost to embed the option to expand. The option value must be higher than the cost to embed the option, to justify this flexibility cost into the development plan.

The Figure 11 below presents the timeline of the option to expand problem that help us understand a practical modelling of this problem.
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Figure 11 – Timeline for the Option to Expand Model Using Optional Wells
In the figure is considered the time to build of three years to construct the production platform, including the processing plant, the pipelines, the drilling of development wells, etc. In the year 3 occurs the production start-up, and between the years 3 and 4, the initial production of the wells and eventual tests give us all relevant technical information for this example. The period from year 4 until the year 9, the exercise of the option to drill is considered for the optional wells that had reservoir uncertainty before the initial production. The deadline at year 9 is only a practical setting due both the secondary depletion effect and the distant benefit meaning low present value, so that the option value is too small after year 9. The figure also present the timeline for the optional well i that could be drilled at a random instant between years 4 and 9. In this example, the Monte Carlo simulation for the technical uncertainty is placed only at t = 4 and the simulation for the stochastic process for the oil prices start in t = 0 and is necessary only until the exercise of the drilling option (at  = 0). After the option exercise is necessary only the expected value curve for the oil prices because no other options (like abandonment) are considered that could introduce asymmetries in the value distribution.   

The valuation of the option to expand is another research project under development between PUC-Rio and Petrobras. The implementation of this approach needs an active management in all phases of the project. The communication between the project teams in different project phases is necessary to preserve the embedded flexibility of the production unit and subsea layout, against the desire of “optimization” and “cost reduction” that could destroy the option value by not informed project teams in subsequent phases.  

7) Concluding Remarks

In this article was described the classical model of Paddock, Siegel & Smith that exploits a simple analogy between American call options and real options model for oilfield development. In addition were discussed different models of the stochastic processes for oil prices, mainly using insights from recent papers of Pindyck and Schwartz, perhaps the two main experts in this subject.

Along this article were illustrated the main cases of the real options process that occur in upstream petroleum applications, showed in the Figure 1. The cases presented were the selection of mutually exclusive alternatives to develop an oilfield; the option to drill a wildcat in an unexplored basin considering the information revelation issue; the option to invest in information in the ending of the appraisal phase, including a mathematical artifice to incorporate the technical uncertainty into a dynamic framework together with oil price uncertainty; and the case of the option to expand using the concept of optional wells.

Several other real options applications of interest for exploration and production of petroleum were not analyzed in this article, for brevity. For example, models for valuation of exploratory prospect including the option to abandon the sequential investment plan in the appraisal phase (see Dias, 1997, for a simple model). The valuation of petroleum reserves with models like Brennan & Schwartz (1985) and Dixit & Pindyck (1994, chapter 7), as performed by Oliveira (1990), is a useful insight mainly for mature reserves, where the options of temporary stopping and abandonment are very important. Other interesting model could be the valuation of deep-waters technology using real options approach. This technology not only adds value to the current portfolio of concessions of an oil company, as also permits that the firm entry in areas and obtain business opportunities that are not available for oil companies that don’t have this know-how. The description and analysis of these models are left for a future article.
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� If V follows a geometric Brownian motion and V is a constant multiple of the price P (that is V = k P), then P also follows a geometric Brownian motion and with the same parameters (, ). See Dixit & Pindyck (1994, p. 178).


� Complete proofs for the equations of Paddock, Siegel & Smith is available at � HYPERLINK http://www.puc-rio.br/marco.ind/petmode1.html#deduction ��www.puc-rio.br/marco.ind/petmode1.html� 


� In the risk-neutral valuation, largely used in options pricing, the risk-neutral drift is r –  and using the suggestion of Pickles & Smith  (r = ) we get a driftless risk-neutral process, which sounds reasonable for the long-run equilibrium.


� This example was solved using the spreadsheet “Timing”, a shareware available at the author website.


� Half-life here is the expected time for the price reaches the half of the distance between P and the equilibrium level.


� Dias & Rocha (1998) reversion is toward a fixed long-run equilibrium of $20/bbl. However, they suggest to set uncertainty in the equilibrium level (perhaps a GBM with low volatility) as the main improvement for the model.


� Term largelly used in exploratory economics for the value of a prospect considering the chance factor.


� A function is homogeneous of degree n in x if F(tx) = tn. F(x) for all t > 0, n ( Z, and x is the vector of variables. 


� See Dias (2002) for an in-depth analysis of the distribution of conditional expectations (revelation distribution) on the technical parameter after an investment in information.  


� The direct method to estimate the marginal NPV of a well is by reservoir simulation with and without each well. With the production profiles in each case, the two NPVs are calculated and the marginal NPV is just the difference between these NPVs.
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